Aiming at the digital quadrature modulation system, a mathematical Pan-function model of the optimized baseband symbol signals with a symbol length of 4 was established in accordance with the minimum out-band energy radiation criterion. The intersymbol interference (ISI), symbol-correlated characteristics, and attenuation factor were introduced to establish the mathematical Panfunction model. The Pan-function was added to the constraints of boundary conditions, energy of a single baseband symbol signal, and constant-envelope conditions. Baseband symbol signals with the optimum efficient spectrum were obtained by introducing Fourier series and minimizing the Pan-function. The characteristics of the spectrum and peak-to-average power ratio (PAPR) of the obtained signals were analyzed and compared with the minimum shift keying (MSK) and quadrature phase-shift keying (QPSK) signals. The obtained signals have the characteristics of a higher spectral roll-off rate, less out-band radiation, and quasi-constant envelope. We simulated the performance of the obtained signals, and the simulation results demonstrate that the method is feasible.
Introduction
Modern communications require modulation signal robust to nonlinear channel and adjacent-channel interference (ACI). For example, deep-space communication channel [1, 2] is a typical band-limited and nonlinear variable-parameter channel. Signals are band-limited to avoid the transmitter signals causing interference on the adjacent channel and the band limit to filter a part of the energy outside the frequency spectrum, which may distort the filtered signals.
The envelope fluctuation signals passing through nonlinear processing components can cause amplitude-to-phase modulation (AM/PM) effects, causing phase noise and spectral spreading. Therefore, the nonlinear channel characteristics make higher demands on the input signals. Traditional digital modulations have been unable to meet the requirements of the application, and a new digital modulation scheme need to be adopted to reduce the channel impact on signals, thus achieving higher transmission rates under limited bandwidth [3] [4] [5] [6] . To better solve this problem, the demand for modulation techniques with higher standards has increased in recent years. Thus, the criterion requirements set by the U.S. Federal Communications Commission (FCC) for visual range wireless relay communication systems include the following: (1) 99% of the signal power included in the occupied bandwidth, (2) out-band radiation <1%, (3) the frequencyband utilization rate equal to or >1 bit/s/Hz, and (4) constant or quasi-constant envelope. Based on these requirements, many constant-envelope modulation techniques with high bandwidth efficiency rather than multilevel amplitude modulations have been developed, such as offset QPSK (OQPSK) [7] , MSK [8, 9] , Gaussian minimum shift keying (GMSK) [10, 11] , and filtered QPSK (FQPSK) [12] . So far, new digital modulation techniques are being developed.
This study aimed to achieve one of the optimized spectrum signals based on the digital communication system requirements, with characteristics of a higher spectral roll-off rate, less out-band radiation, and quasi-constant envelope.
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Mathematical Problems in Engineering spectral roll-off rate, the minimum out-band radiation criterion involved [13] can be expressed as follows:
where the Fourier transform of ( ) is
( ) is the symbol signal waveform, which is an even function assumed in interval [− /2, /2], is the symbol period, | ( )| 2 is the power spectrum of ( ), and ( ) is the increasing function that determines the roll-off rate of the spectral density function ( ). The increasing function ( ) = 2 ( > 0) with different values is shown in Figure 1 . The value of depends on the degree of suppressed out-band radiation. To make the functional integral convergent and integrable, the roll-off rate of | ( )| 2 should be greater than the increase rate of ( ) to limit the roll-off rate of the power spectrum | ( )| 2 of the signal ( ). The power spectral density of ( ) can be written as follows:
Replacing (3) into (1), and after some manipulations, we obtain the following:
To facilitate the solution, the function ( ) can be expressed as follows:
is convergent; therefore, the order of the integral can be exchanged as follows:
Based on the Taylor series expansion,
According to Fourier inverse transform [14] , ( ) can be written as follows:
Because ( ) is an even function, Hence, the following equation can be obtained:
When → 0 + and replacing (10) and (11) into (6), the following expression can be obtained:
Using the characteristics of ( ) function, (12) can be written as follows:
where (2 ) ( ) is the 2 -order derivative of the symbol signal. According to (13) , the criterion for minimum out-band radiation can be transformed into the problem of unraveling the symbol function ( ) when minimizing the Panfunctional [15] .
In general, for serial-to-parallel (S/P) converter in quadrature modulation system, the parallel symbol duration is 2 twice of the input symbol duration in in-phase and orthogonal channels without intersymbol interference. Based on Nyquist's second criterion, by introducing controlled intersymbol interference on the sampling time of some symbols, the requirement of timing accuracy can be reduced, while the remaining symbols without intersymbol interference on the sampling time utilize theoretical maximum bandwidth.
By allowing a controlled amount of intersymbol interference, the partial-response signals could be achieved with a symbol transmission rate of 1/ [16] . The symbol duration increased to 4 , while the length of intersymbol interference was 2 . According to the theory of the relationships between frequency and time domains, when the length of the signal in time domain increased, the spectrum became narrow in frequency domain indicating that a higher spectral roll-off rate was obtained. The baseband signals were obtained with good spectrum characteristics, fulfilling the purpose of introducing controlled intersymbol interference. Furthermore, this intersymbol interference slightly affected the correct receiving and decision of signals. Clearly, if the symbol duration is increased to 4 , then (11) can be expressed as follows:
Additional Constraints of Pan-Function.
The block diagram of the adopted quadrature modulation system with intersymbol interference and symbol-correlated characteristics is shown in Figure 2 . This can be interpreted as the cascade of the following.
(1) Three S/P converters group the symbols , = 0, 1, 2, . . ., with a symbol duration of into four blocks, each taking one of the values ±1, where the delay time is a different integer multiple of and the symbol duration is increased to 4 . (2) According to the results of the symbol cross-correlation operation, symbol cross-correlator and attenuation factor were introduced, and lies on interval (0, 1].
(3) The output signal from pulse shaping filter was lowpass filtered, yielding signals ( ) and ( ) in two channels. (4) The signals, ( ) and ( ), were multiplied to the quadrature carrier and added to obtain the modulated signal as follows:
where
Herein, four signal channels were introduced to not to overlap the time of each channel adjacent to baseband symbol signal, because the optimal time length of the symbol signal is 4 .
Then, the mathematical Pan-function (14) was added to the constraints of boundary conditions, energy of a singlesymbol signal, and constant-envelope conditions.
Restriction on the Symbol Boundary Condition.
From [17] , assuming that function ( ) is in the finite interval
without skipping, and ( ) ( ) is finite, then there is no skipping in the end point of the interval; that is, (± /2) = (± /2) = ⋅ ⋅ ⋅ = ( −1) (± /2) = 0. The Fourier transform of ( ) decays not less than / +1 in the finite interval [− /2, /2], where is a constant.
Herein, assuming that ( ) is an even function on interval [−2 , 2 ], ( ) should satisfy the following boundary condition:
Restriction on the Single-Symbol Signal Energy Condition.
For the signal ( ) with a length of 4 , the energy per transmission can be expressed as follows:
Restriction on the Constant-Envelope Condition of the
Quadrature-Modulated Signal. The constant-envelope modulation means that the envelope of modulated wave should be constant, the generated modulation signal is band-limited by the transmitter, and only a small spectrum spreading is produced after the signal passes through the nonlinear processing components. The envelope fluctuation of the signal is measured by the PAPR of modulation signals; when the PAPR of the signal is equal to or close to 1 [18, 19] , constant-envelope modulation can be achieved. In the quadrature modulation system, to achieve a constant envelope, the ratio of the output signal peak power to the average power should be made close to 1. Thus, the following conditions should be satisfied when lies on interval [0, 4 ]:
According to the symmetry of the signal, we only need to consider whether (19) can be satisfied when lies on interval [0, 2 ] at any time; then, the condition will be satisfied on other intervals. The baseband signal of ( ) and ( ) on interval [0, 2 ] can be expressed as follows:
where −1 , 0 , 1 , 2 , 3 are the uncorrelated binary data symbols, each taking one of the values ±1. In (20) , attenuation factor was introduced according to the results of the symbol cross-correlation operation, and takes the value 1 or specific . The five symbols on the interval are ( + ), ( ), ( − ), ( − 2 ), and ( − 3 ). The analysis indicates that if the condition of constant envelope can be satisfied when lies on interval [0, ], then in the other intervals, this condition can still be satisfied. In this case, the four symbols on the interval are, respectively, −1 , 0 , 1 , 2 . In this manner, we can greatly simplify the calculation process. The different conditions are as follows. 
Herein, the value of constant envelope was set to be (0), which is the value of ( ) at time = 0. Assuming that (0) is the maximum value of signal ( ), this set is reasonable. To ensure that the modulated signal always has a constant envelope in interval [0, ], the constantenvelope condition is rewritten as follows:
(2) When −1 ⋅ 1 = −1, the adjacent baseband symbol signals have the opposite sign in the channel.
(a) When 0 ⋅ 2 = 1, the adjacent baseband symbol signals have the same sign in the channel, and to satisfy (19)
(b) When 0 ⋅ 2 = −1, the adjacent baseband symbol signals have the opposite sign in the channel, and to satisfy (19)
Similar to (23), when −1 ⋅ 1 = −1, the constantenvelope condition can be expressed as follows:
Based on the comprehensive consideration of formulas (23) and (26) and various combinations of random data symbols in interval [0, ], to decrease the number of constants in the Pan-function, the constant-envelope condition can be expressed by an integral formula as follows:
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Thus, in the Pan-function with the constraints of singlesymbol energy and quadrature modulation signals, the constant-envelope conditions can be expressed as follows:
where and are the Lagrange constants.
Solution Process of the Optimized Signal

Signal Solving Process Using Fourier Series. Any function in interval [−2 , 2 ] can be infinitely approximated by
Fourier series [20] . The efficient spectrum signal ( ), with a code width of 4 , can be expressed in the following Fourier series form:
( ) was set as an even function; therefore, = 0, and ( ) can be expressed as follows:
Replacing (31) into (14) , can be expressed compactly as follows:
Introducing energy restriction into (31), the following expression can be obtained: Using (32) and (33), (28) can be written as follows:
The normalizations, = 1, = 1, and the specific values of were assumed; only the coefficients, 0 , 1 , . . . , , of the Fourier series and the Lagrange constants, and , are unknown parameters. Therefore, our goal was to determine the coefficients, 0 , 1 , . . . , , of the Fourier series. Based on the extreme value theory [18] 
The solution of simultaneous equations was used to determine the values of the coefficients, 0 , 1 , . . . , , of the Fourier series and the Lagrange constants, and .
Time-Frequency Characteristics of the Optimized Signals.
The optimized signals were calculated using the MATLAB software [15] ; the results show that selecting the proper number of components in the Fourier series can guarantee the accuracy of the Pan-function solution. Herein, the timefrequency characteristics of the optimized signals were analyzed. When = 3, = 3 and is equal to 0.82, 0.94, and 1, respectively; the obtained coefficient of Fourier series and the PAPR of signals are listed in Table 1 When = 3, = 3, curves 1-3 in two figures correspond to the waveform of the random sequence signal ( ) and its normalized power spectrum curve, when is equal to 0.82, 0.94, and 1. Furthermore, the power spectral density of the modulated signal only depends on the power spectrum of a single symbol [20] . Table 2 shows the bandwidth when the normalized power spectra of the optimized signals decrease to −40 dB (Δ −40 ) and −60 dB (Δ −60 ), the value of the bandwidth containing 90% and 99% of the signal energy (Δ 90% and Δ 99% , resp.), and the PAPR of the optimized signal, under the conditions of different values of , , and . Figure 2 and Table 2 show the following.
(1) According to the minimum out-band energy radiation criterion, the optimized efficient spectrum signal had a bandwidth of 0.77/ (when = 3, = 3, = 0.82, calculated according to −40 dB, namely, Δ −40 ) and 0.82/ (when = 3, = 3, = 0.94, calculated according to −60 dB, namely, Δ −60 ) with the constraints of the baseband signal energy and constant-envelope conditions. Furthermore, the −40 and −60 dB bandwidths decreased by 3.25 and 9.8 (2) Using the optimized efficient spectrum signal as the baseband modulation signal, the PAPR of the modulated signal after quadrature modulation is close to 1, with quasi-constant envelope characteristics. This shows that the purpose of reducing the PAPR of signals was achieved by introducing symbol-correlated characteristics and attenuation factor .
(3) The attenuation at the first main lobe of the energy spectrum of the obtained signal is greater than 40 dB, while some attenuation is ≥ 70 dB (as shown in curve 3, Figure 3 ), which significantly reduced the out-band radiation of signals.
(4) The symbol length of the time-domain signal was increased, because of the introduction of intersymbol interference. However, because the two endpoints of the signals are smooth, the signal energy of the adjacent symbol is very small, proving that the introduction of intersymbol interference slightly affected the normal reception and decision of the signals.
Demodulation Scheme and Simulation Realization
4.1. Demodulation Scheme of System. The scheme of signal modulation is shown in Figure 2 , and the coherent demodulation of signal can be achieved by the scheme shown in Figure 5 . The block diagram of coherent demodulation is shown in Figure 5 , where is the arrival time of the signal. The received modulated signal is coherently demodulated by the quadrature carriers and low-pass-filtered to remove the high-frequency components; it multiplied with a symbol envelope that delayed the corresponding times. Then, the two-channel signal was changed to a four-channel signal, corresponding to the modulated signal on four channels. The signal on each channel was integrated (the integration time was controlled by the integrator strobe pulse). Finally, by sampling, decision, and a S/P converter, the four signal channels were combined into one signal channel; in this manner, the entire demodulation process was completed.
Simulation of Modulation and
Demodulation. When = 3, = 3, and = 1, the signal obtained was used as the baseband symbol, and the simulations of quadrature modulation and coherent demodulation were completed using the MATLAB software. The simulation results are shown in Figures 6 and 7 .
In Figure 6 , A is the baseband symbol signal transmitted in the in-phase channel, B is the baseband symbol signal transmitted in the orthogonal channel, and C is the quadrature-modulated output signal. Figure 7 shows the simulation results of coherent demodulation when the / 0 is 6 dB. In Figure 7 , D is the transmitted signal corrupted with additive white Gaussian noise (AWGN), which is the input to the receiver, E is the baseband signal demodulated in the in-phase channel, F is the baseband signal demodulated in the orthogonal channel, and G is the signal integrated by the integrator in channel. The sampling process was completed before the correlation integral of a symbol, which is before the arrival of integral reset pulse, and the transmitted data information was determined based on the sampling values.
The envelope of the output signal after the modulation was close to constant, consistent with the expected results. The simulation results of bit error rate (BER) for the / 0 is shown in Figure 8 ; the introduction of controlled intersymbol interference slightly affected the system's BER characteristics. 
Conclusions
In traditional communication modulation, the preexisting waveform is used as the baseband symbol signal, such as rectangular, cosine and raised cosine pulse, and other forms or through a filter (GMSK signal) to achieve frequency band compression. There are few uses of the method of establishing a mathematical model based on some standards to obtain the optimized baseband symbol signals. This paper proposes a method in accordance with the minimum out-band energy radiation criterion to establish a Pan-functional model for obtaining the optimized efficient spectrum signals. The calculation process was completed by introducing Fourier series and using the MATLAB software. Because of the introduction of controlled intersymbol interference and symbol-correlated characteristics, the obtained signals have the characteristics of a higher out-band spectral roll-off rate and quasi-constant envelope. Moreover, the spectral characteristics of the obtained signals are greatly superior to QPSK and MSK signals, even superior to the FQPSK signals in reducing the energy-band radiation and weakening the adjacent channel interference. Moreover, the introduction of the controlled intersymbol slightly affected the adjacent baseband symbol signal reception. The simulation of the signal modulation and demodulation scheme with controlled intersymbol interference was carried out using the MATLAB software. The simulation results show a constant-envelope carrier and continuous phase; thus, this method is feasible.
